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1. Introdution
Inationary paradigm has dominated osmology sine long ago and reently its
preditions have attained exellent observational evidene. However at present there
exists no preferred onrete inationary senario based on a onvining realisti high
energy physis model. It is therefore interesting to explore every single theoretial
possibility whih leads to ination along with spei preditions.
In the standard haoti ination senario [1℄ the massive inaton eld rolls down
its potential. If its initial amplitude is muh larger than Plank mass MP l, the Hubble
frition is large and inaton eld is in the "slow-roll" regime where its potential energy
dominates over its kineti energy. In this ase the energy density during "slow-roll" is
nearly a onstant and the equation of state is nearly that of the osmologial onstant.
The exit from suh inationary regime ours when the Hubble parameter beomes
of order of inaton mass. When this happens the inaton eld starts to behave as
ordinary matter and later deays into light partiles. This simple model desribes
urrent observations rather well. There are numerous examples whih develop this
idea further [2℄. The preditions of all these models are quite similar, so that even the
reent aurate measurements [3℄ did not put too muh pressure on the viability of most
of these models. Probably the most serious onstraint is the presently unobserved and,
thus, neessarily small fration of isourvature utuations in the primordial spetrum.
These utuations generially arise in multi-eld models. The other onstraint omes
from the nongaussianity in the primordial spetrum [4℄. Future experiments on the
detetion of the gravitational bakground radiation [5℄ left after ination may impose
further signiant onstraints on the inationary models [6℄.
Most of the inationary models an be lassied as potential indued, i.e. ination
is driven by the potential terms in the Lagrangian of a salar eld. This is, however, not
the only theoretial approah to implement the ination. There is a distint possibility
that the inationary regime was indued by the kineti energy. The kineti terms, of
ourse, have to be of a nonstandard form, sine for models with standard kineti terms
and without potential the universe is always deelerating. It is, however, possible to
implement an inationary evolution of the early Universe if one assumes a nonstandard
Lagrangian. A novel way to generate an inationary regime using the above approah,
has been proposed in [7℄ and dubbed "k-ination". The Lagrangian in this model was
taken in the form of expansion in orders of the standard kineti term X = 1
2
(∂µφ)
2
:
L = K(φ)X + L(φ)X2 + ... = p(φ,X). (1)
The system desribed by the Lagrangian of this form was shown to dynamially enter the
inationary regime starting from rather generi initial onditions. There is an analog
of a "slow-roll" regime, where the systems has an adiabatially hanging, nearly de
Sitter equation of state. The model possesses the energy-momentum tensor of the
same struture as for the perfet uid with the energy density ε and the pressure p.
Therefore the hydro-dynamial intuition is useful for the analysis. At the end of k-
ination the equation of state w = p/ε hanges dynamially from w ≃ −1 to the
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"ultra-hard" equation of state w = 1 . Thus, exit from k-ination ours in a natural
graeful manner.
In this paper we propose a new model for ination where the Lagrangian depends
only on the seond derivatives of a salar eld. The simplest salar that an be built
from a salar eld φ and its seond ovariant derivatives is the D'Alembert operator
ating on φ. We will restrit ourselves to this ase. In fat, a large lass of Lagrangians
of the form
L = Q(φ), (2)
where Q(φ) is a onvex funtion, will be shown to drive an inationary evolution of
the universe from rather generi initial onditions. This theory has to be viewed as
an eetive eld theory where the rst derivative terms are suppressed. One an, for
example, suppose that in the Lagrangian (1) the funtionsK(φ) and L(φ) vanish in some
limiting ases. Then the higher order derivative terms may dominate the dynamis of
the system for some period of its evolution. The Lagrangians of this type were also
onsidered in [9, 10℄ in various ontexts¶.
We will dub this model analogously to k-ination as "Box-ination" or for
simpliity "B-ination". The system desribed by this "trunated" Lagrangian does
not have an exit from ination, so after disussing the properties of this system during
the inationary stage we propose simple modiations of the model whih provide a
graeful exit from B-ination. One natural way to implement this exit is to revive the
kineti terms whih depend on φ and X . For the proposed modiations, the system
will generially exit to the state with w ≃ 0. This is similar to the graeful exit in
the ase of haoti ination. The perturbation theory for the B-ination as well as a
detailed analysis of the observational onsequenes will be developed elsewhere [12℄.
2. The Model
We will rst onsider the ation ontaining the D'Alembert operator  ≡ gµν∇µ∇ν
(where ∇µ is the ovariant derivative) ating on a salar eld φ minimally oupled to
gravity:
S ≡ Sg + Sφ =
∫
d4x
√−g
[
−M2P l
R
2
+M2M2P lQ
(
φ
M2MP l
)]
. (3)
Here Q is an arbitrary onvex funtion (Q′′ ≥ const > 0, later we will see that this
inequality is important). We will only onsider the ase when Q(0) = 0 in order not to
have the osmologial onstant being inserted by hand. This underlines the fat that the
inationary regime in our model is a result of dynamis of the system. In addition it is
natural to assume that the system is symmetri with respet to the Z2 transformations
φ→ −φ. Thus we an take only even funtions Q into onsideration. The sale M , at
¶ Note that, despite of similarities with the model from Ref. [10℄, our system does not have any
potential and annot be redued to the noninterating two eld model [11℄ as it was done in the
referene above. Thus the physial ontent of our model is ompletely dierent from that of Ref. [10℄.
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this point, is an arbitrary parameter. For the purposes of this paper its value is not very
important. We will leave the question of the value of this sale for a future disussion.
The strange hoie of ombination of masses for the Qterm is due to the following
reason. Writing the ation Sφ as a Taylor series in (φ) we nd:
Sφ =
∫
d4x
√−g
[
Q′′(0)
2M2
(φ)2 +
Q(4)(0)
4!
(φ)4
M2P lM
6
+ ...
]
. (4)
Now we an see that the initial hoie of ombination of masses leads to a simple form
of the rst non-zero term in Taylor expansion of ation Sφ. Let us mention that, in
general, we will not rely on the expansion (4). There is another reason for hoosing the
ombination M2Mpl in (3). Sine the ation is invariant under the shift symmetry
φ → φ + φ0, where φ0 is an arbitrary onstant, the energy density is insensitive to the
value of φ. It is, however, sensitive to the values of derivatives of φ. Thus it is natural
to make the -operator dimensionless using one sale, whereas the value of the eld
φ is made dimensionless with some other sale. The sale M an be viewed as the
physial uto sale in our model. The other sale with whih φ is made dimensionless
we are free to hoose at our onveniene. We will hoose this sale to be a Plank sale.
With this hoie, it follows from the Friedmann equation that the Hubble parameter is
naturally measured in units of M .
Let us return to Eq. (3) and perform the following substitution:
φ→MP lφ, xµ →M−1xµ. (5)
Note that the spae-time oordinates and the Hubble parameter H are made
dimensionless with the same sale. The operator  is also dimensionless in the new
variables due to the relation x →M2x. Thus the ation (3) an be written in terms
of the new dimensionless variables as:
S ≡ Sg + Sφ =
(
MP l
M
)2 ∫
d4x
√−g
[
−R
2
+Q (φ)
]
. (6)
We will further use a dierent ation:
S ≡ Sg + Sφ =
∫
d4x
√−g
[
−R
2
+Q (φ)
]
, (7)
beause the overall fator (MP l/M)
2
is irrelevant for the lassial evolution. This form
of ation is useful for further numerial analysis, sine everything is dimensionless. To
reover physial values of the Hubble parameter, energy density et. from our numerial
results one has to perform a straightforward inverse proedure
ε→M2P lM2ε, H →MH, t→M−1t, ... (8)
where dots represent the rest of the physial parameters whih are relevant for our model.
In this paper we will work with the dimensionless variables dened in Eq. (5) and ation
(7) keeping the same notations for them as we had for dimensionfull variables. This will
be assumed in every expression unless speied otherwise.
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2.1. General formalism
The equation of motion for the system desribed by the ation (7) an be obtained by
the variation of S over φ:
δSφ
δφ
≡ Q′′2φ+Q′′′ (∇µφ) (∇µφ) = 0, (9)
where (′) means a derivative taken with respet to φ. It is onvenient to rewrite Eq. (9)
in the following form:
B = − [lnQ′′(B)]′ (∇µB) (∇µB) ,
φ = B. (10)
This form will be useful for the further analysis. The system (10) is hyperboli for an
arbitrary funtion Q(B), thus, the Cauhy problem is well posed. In partiular, this
means that the solutions obtained for the ideal homogeneous and isotropi Friedmann
universe are stable with respet to high frequeny osmologial perturbations
+
.
The energy-momentum tensor orresponding to the ation (7) is
TQµν ≡
2√−g
δSφ
δgµν
= gµν
[
Q′φ −Q +Q′′ (∇λφ)
(∇λφ)]−
− Q′′ [(∇µφ) (∇νφ) + (∇νφ) (∇µφ)] , (11)
It is worthwhile noting that the Energy-Momentum Tensor (EMT) does not have the
struture of EMT of a perfet uid.
2.2. Dynamis in the Friedmann Universe
As usual in inationary osmology, let us onsider the osmologial evolution of the
system for spatially at Friedmann universe with the metri
ds2 = dt2 − a2(t)dx2. (12)
The system of the equations of motion (9) an be written for this bakground in the
following normal form
dB˙
dt
= − 3HB˙ − [lnQ′′(B)]′ B˙2,
dB
dt
= B˙, (13)
dφ˙
dt
= − 3Hφ˙+B,
where H = a˙/a. The rst two equations integrate out to give
Q′′(B)B˙ =
const
a3(t)
→ 0. (14)
In partiular ase of Q(B) = B2/2, the last expression yields that B onverges to
some onstant value B∗ whih is not neessary equal to zero. It is preisely this
+
It is instrutive to ompare this situation with that for general "k-essene/ ination models where
requirements of stability provide restritions on the possible Lagrangians (see [7, 8℄).
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peuliar fat that leads to ination in the model under onsideration. In this ase
the energy-momentum tensor (11) has a late time asymptoti of a Λ term. Namely it
is Tµν = gµνB
2
∗
/2. One an expet that for a onvex funtion Q(B) with the urvature
Q′′ restrited from below the asymptoti behavior is similar. Below we will see that this
guess is orret and will disuss the underlying reason for that.
Up to now the system under onsideration is purely kineti beause neither equation
of motion (9) nor the energy-momentum tensor (11) expliitly depend on φ. Thus, in
the ase of the spatially at Friedmann universe, the only relevant dynamial variables
are (φ˙, B˙, B). In order to omplete the desription of the osmologial dynamis of this
system we need the Friedmann equation. As we have already mentioned the energy-
momentum tensor (11) does not have the algebrai struture of a perfet uid one.
Nevertheless in the homogeneous and isotropi ase of the Friedmann universe the
only non-vanishing omponents are diagonal and one an formally onsider the energy-
momentum tensor as if it were of a perfet uid. (Note, however,that the dierene
between these strutures is important for the onsideration of the more subtle questions
like osmologial perturbations). Thus we an formally dene the energy density ε and
pressure p as:
ε ≡ T 00 = (Q′B −Q)−Q′′φ˙B˙, (15)
p ≡ − 1
3
T ii = −(Q′B −Q)−Q′′φ˙B˙.
Using these denitions we an write the Friedmann equation in the familiar form
H2 =
ε
3
=
1
3
[
Q′(B)B −Q(B)−Q′′(B)φ˙B˙
]
. (16)
The equation of motion (13) and the Friedmann equation (16) yield the self onsistent
minimal set of equations whih determines the osmologial evolution of the whole
system  salar eld φ + Gravity represented by a(t). We will later refer to this ase as
the self-onsistent ase. The system is of the third order and the phase spae is (φ˙, B˙, B).
As it follows from the Friedmann equation (16) the energy density ε is restrited to be
nonnegative. This provides the inequality (Q′B −Q) ≥ Q′′φ˙B˙ whih denes the region
in the phase spae (φ˙, B˙, B) where the osmologial evolution is allowed (see Fig. 1).
One an see from Eq. (15) that the ontributions to the energy density and the
pressure of a system an be divided into two parts: i) part (Q′B−Q) whih orresponds
to the osmologial-term ontribution sine this term enters the expressions for ε and
p with dierent signs; ii) part −Q′′φ˙B˙ orresponding to ultra-hard ontribution. Note,
that the osmologial-term part depends only on B while ultra-hard part depends
on B, φ˙ and B˙. The presene of the osmologial-term-like part in the expressions
for ε and p is a peuliar harateristi of the Lagrangian Q(φ). In order to obtain
a positive osmologial-term ontribution to the energy density we should take only
suh funtions into onsideration for whih (Q′B−Q) ≥ 0. The last inequality is always
true for onvex funtions Q(B). In this ase the eetive equation of state w ≡ p/ε is
restrited to be less than one. It is worthwhile noting that in the quarters of the phase
spae where φ˙B˙ ≥ 0 the system is in phantom [13℄ regime: w ≤ −1.
B-Ination 7
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ements
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Figure 1. Here we plot a spherial region around the origin of the phase spae
(φ˙, B˙, B). The olored volume represents the region where energy density ε is negative.
The surfae of this volume whih does not belong to the surfae of the depited sphere
is the surfae of zero energy density ε = 0. Note that this forbidden regions are in the
quarters of the (φ˙, B˙) plane where the φ˙B˙ ≥ 0 and onsequently w ≤ −1. The red
urves represent the two xed lines given by Eq. (17).
The system of equations (13) where the Hubble parameter is expressed through
the dynamial variables (φ˙, B˙, B) via the Friedmann equation, possesses two kinds of
xed points. Namely a trivial one: (φ˙, B˙, B) = (0, 0, 0) whih is of no interest for our
purposes and a nontrivial set of xed points whih form the two urves given by the
equations
B˙ = 0, B = B∗, φ˙∗ =
B∗
3H(B∗)
=
B∗√
3(Q′(B∗)B∗ −Q(B∗))
. (17)
Note that at eah of these xed points exept B∗ = 0 the system is in the exat de Sitter
inationary regime. Further we will always assume that B∗ 6= 0.
Let us now investigate the harater of these xed points. First we linearize the
system (13) around a given xed point orresponding to a partiular B∗. The linearized
system is
dB˙
dt
= − 3H∗B˙,
dδB
dt
= B˙, (18)
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Figure 2. The evolution of the dimensionless parameters φ and B is plotted versus
dimensionless time t. Funtion Q(B) is hosen to be B2/2. The initial values are
φ˙ = 0.1, B = 0.1, B˙ = −0.025
dδφ˙
dt
= − 3H∗δφ˙+ [1− 3H∗γ] δB + γB˙,
where we have dened
γ =
Q′′(B∗)φ˙
2
∗
2H∗
, (19)
and used δB˙ = B˙. One an nd the eigenvalues orresponding to the matrix of the
linearized system:
λ1 = 0, λ2,3 = −3H∗. (20)
Beause of the vanishing λ1 the Lyapunov theorem is not appliable to the problem and
we have to investigate the stability of the system in another way. Despite the failure
of the linear analysis to prove the stability it is interesting to nd a solution of the
linearized problem. The rst two equations of the system (18) do not depend on the δφ˙
and one an integrate them separately. The solutions are
B˙ = B˙0 exp (−3H∗t),
δB = δB0 +
B˙0
3H∗
[1− exp (−3H∗t)] , (21)
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Figure 3. The evolution of the energy density ε, pressure p and the equation of state
w = p/ε is shown on this plot. Funtion Q(B) is hosen to be B2/2. The initial values
are φ˙ = 0.1, B = 0.1, B˙ = −0.025. The system quikly evolves into a nearly de Sitter
regime.
where B˙0, δB0 = B0 − B∗ are initial values for the linearized problem. From these
solutions it is lear that the stability in the usual sense annot be established beause
the system is degenerate and the xed points form a urve. Thus one an expet that
after a small deviation from a given xed point B∗ the system does not return to the
same point B∗ but rather to a new point B∗∗. The natural question whih arises is
whether the new point B∗∗ is lose to the original one. In fat from Eq. (21) we obtain
the late time asymptoti
B∗∗ = B0 +
B˙0
3H∗
. (22)
Therefore δB∗ = B∗∗ − B∗ = δB0 + B˙0/3H∗ and for B˙0/3H∗ ≪ 1 this deviation is
approximately equal to the initial deviation: δB∗ ≃ δB0. However, as one an diretly
prove the linearized solution for δφ˙ does not onverge to the xed point δφ˙ = 0, if the
point of linearization B∗ does not oinide with late time asymptoti B∗∗. But if we
linearize the system around the value of the late time asymptoti B0 + B˙0/3H∗, then
the solution for δφ˙ is
δφ˙ =
[
δφ˙0 + tB˙0(2γ − 3H∗)
]
exp (−3H∗t). (23)
Thus we prove that in the linear approximation the solutions onverge to the urves
formed by the xed points (17). The validity of the linearized solutions an be
numerially onrmed for the appropriately hosen initial data. The numerial
alulation reveals the following piture. The generi evolution for φ, φ˙, B and B˙
is shown in Fig. 2. One an see from Fig. 3 that, indeed, the asymptoti solution is
inationary. The initial onditions whih lead to this sort of behavior are rather general.
The system reahes the inationary regime relatively quikly (see Fig. 4) and will stay
there forever if nothing else is added to the ation (3). Of ourse, in the real world
there has to be a mehanism to exit from this inationary regime. This will modify the
evolution shown in Figs. 2 and 3. We will propose a natural modiation and disuss
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PSfrag replaements
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Figure 4. Here we plot the equation of state w versus number of e-folds N for various
initial data. The funtion Q(B) is hosen to be 1
2
B2. The initial date are: for the red
urve: φ˙ = 0.1, B = 0.08, B˙ = −0.05, for the blak urve: φ˙ = 2, B = 0.05, B˙ = −0.05
for the blue one: φ˙ = 0.03, B = 0.5, B˙ = 1. The equation of state w evolves to the
nearly de Sitter value w = −1 within approximately one e-fold.
the details of the graeful exit in the next setion, while below we will omplete the
study of the system desribed by (3).
2.3. The Behavior of (ε, p) Trajetories
In order to develop intuition it is useful to onsider the trajetories of the system in (ε, p)
plot. A state of the system is not uniquely desribed by a point in the (ε, p) plot. As we
have already mentioned, to solve the full system of the equations (Friedmann equation
(16) and equation of motion (13) one has to speify the following initial onditions:
φ˙0, B0 and B˙0. In fat, we an replae these initial onditions by speifying the initial
energy density ε0, the initial pressure p0 and the initial angle of the (ε, p)  trajetory:
tan θ = dp/dε = p˙/ε˙. It is worthwhile noting that if our system had a perfet uid like
EMT, then the introdued angle θ would be losely onneted to the adiabati speed
of sound: tan θ = c2s. From the stability requirements it would follow tan θ ≥ 0. Our
system is free from this restrition due to the hyperboliity of the system (10). Using the
equation of motion (13) we an rewrite the formula for the initial angle in the following
form
tan θ = 1− B
3Hφ˙
. (24)
Note that the Eq. (24) along with the ontinuity equation
ε˙ = −3H(ε+ p), (25)
uniquely dene the angle θ. One an easily hek that (φ˙, B˙, B)→ (ε, p, θ) is one-to-
one orrespondene for all nite initial values exept when φ˙0 = 0.
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Figure 5. Here we plot the (ε, p)-trajetories originating from a point where the
universe is deelerating. The blue region annot be reahed by the system.
Figure 5 represents trajetories starting with dierent initial angles θ0 at the same
point (ε0, p0) whih is loated in the region (p0 > −ε0/3), where the universe is
deelerating. Let us analyze the behavior of the trajetories. First we notie that
in virtue of the ontinuity equation (25) a trajetory an be vertial only at the point of
the rossing of the phantom divide" p = −ε ∗. Namely, by the rossing from the non-
phantom side we have θ = 3π/2, and by the rossing from the phantom side θ = π/2. If
the system has a de Sitter solution as a late time asymptoti, then θ = 0 by approahing
from the phantom side and θ = π otherwise, as it follows from Eq. (17). On the other
hand from Eq. (24) we nd that tan θ = 1 an be ahieved with nite values of the
dynamial variables only if B = 0. While from the denition (15) of the energy density
we have p = ε in this ase. Thus the line p = ε orresponding to the ultra-hard equation
of state is the only possible plae in the (ε, p) plot where tan θ an be equal to one
along with the values (φ˙, B, B˙) being nite. Therefore all trajetories reahing the ultra-
hard line p = ε at ε 6= 0 have the ultra-hard line as a tangent line at this point. It
is lear that the trajetories have the angle 5/4π when touhing the ultra-hard line. If
a trajetory touhes this line away from the origin (ε, p) = (0, 0) then B˙φ˙ 6= 0 and
∗
The possibility of a transition through the phantom divide was disussed e.g. in Refs. [14, 11, 10℄
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the only possibility for a further evolution is to reet in the diretion of the smaller ε.
Immediately after the reetion the trajetory an only inrease its angle. The angle
is now bounded from below with θ = 5/4π and bounded from above by θ = 3/2π.
Thus, moving downwards the trajetory inreases its angle and inevitably rosses the
phantom divide. If we take into aount that the angle θ must be a ontinuous funtion,
we nd that all trajetories whih ross the phantom divide and whih have the initial
angle θ < π must reet from the ultra-hard line. Another possibility to have tan θ = 1
orresponds to innite values of B˙ and φ˙. This is a limiting ase whih is shown by the
green line in Fig. (5). For the trajetories with the initial angles large than θ = 5/4π
the angles are bounded from below and from above and the trajetories are evolving
downwards. Thus, they must ross the phantom divide in any ase. Considering a
limit of the trajetories whih touh the ultra-hard line we nd that there must exist
a ritial trajetory whih goes to the (ε, p) = (0, 0). For a further onsideration of
it is onvenient to introdue the ritial angle θcr = θcr(ε0, p0) whih orresponds to
the ritial trajetory having the late time asymptoti: ε → 0, p → 0 as t → ∞. This
ritial trajetory is shown in red in Fig. 5. Then all the trajetories an be divided into
three sublasses.
The rst sublass ontains trajetories with the initial angles π/2 < θ < θcr. The
properties of these trajetories are the following: they go upwards, (if p0 < 0 interset
the axis p = 0 at some point), then reet from the line p = ε at the angle 5π/4. After
that they again interset the axis p = 0 and go to the phantom regime rossing p = −ε
at the angle 3π/2. Finally, these trajetories approah the de Sitter regime p = −ε.
The seond sublass ontains trajetories with the initial angle θcr < θ < 5π/4. In
this ase trajetories go diretly to p = −ε, approahing this line as t → ∞ but never
rossing it. This happens beause these trajetories are moving downward towards the
phantom divide with the angle bounded from above by 5/4π. A trajetory annot have
this limiting angle beause it evolves away from the ultra-hard line and in that ase the
5/4π angle orresponds to an innite φ˙ or B˙.
And, nally, the third sublass ontains the trajetories with the initial angle
5π/4 < θ < 3π/2. These urves interset p = −ε at the angle 3π/2 going to the
phantom regime and then approah the inationary regime p = −ε.
Figure 6 shows trajetories whih begin in the phantom regime (ε0 + p0 < 0) with
dierent initial angles θ0. In this ase the analysis is analogous to the previous ase.
The whole set of trajetories also an be divided into three sublasses as in the ase of
the ordinary initial onditions ( p0 > −ε0/3). The ritial angle θcr is also dened as
the initial angle of the trajetory whih approahes ε = 0, p = 0 as t→∞. The ritial
trajetory is shown in red in the Fig. 6. The rst sublass onsists of trajetories with
initial angles θcr < θ < π/2. In this ase trajetories interset p = −ε at the angle
π/2. Then one arrives to the situation whih was desribed by the rst sublass in
(ε0 + p0 > 0) ase. The seond sublass is the trajetories, whih start with the angles
π/4 < θ < θcr. The trajetories interset the line p = −ε and then one starts from the
onditions desribed in the seond sublass of (ε0 + p0 > 0) ase. The third sublass
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is the set of trajetories with the initial angles −π/2 < θ < π/4. These are the urves
whih diretly start to approah the inationary regime p = −ε.
By the analysis performed in this subsetion we onrm our result that the system
generially approahes the de Sitter regime p∗ = −ε∗. The only exeptions are the
ritial trajetories (shown in red), in this ase ε∗ = 0. However as we have shown for
eah point (ε0, p0) there is only one solution orresponding to the ritial urve. Thus
the solutions whih do not lead to the late time de Sitter regime have a zero measure.
2.4. Stability of the system
It is well known (see, for example, reent papers [15℄) that higher derivative theories
possess ghost (or phantom). The presene of a ghost degree of freedom in a dynamial
system leads usually to various onerns about lassial and quantum stability of suh
a system [16℄. While the detailed investigation of the relevany of all these problems
regarding our model is under way [12℄ we would like, perhaps, to make a few omments
on these issues below.
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First of all, let us briey disuss the lassial stability of the model. In the
above analysis we have studied the dynamis governed by the homogeneous equations
of motion only. It was shown that the solutions of these equations are stable with
respet to the perturbations in the initial onditions. However, showing that solution
of the homogeneous equations is stable is not enough for osmologial appliations.
Even disregarding the perturbations of the metri, one has to worry about the lassial
stability of this solution of the partial dierential equations in 3 + 1 spae-time.
Regarding this issue we an note that the equations in our model are hyperboli.
Therefore the Cauhy problem is well posed. This means that the dependene of
the solutions on the initial onditions is ontinuous and exponential instabilities are
exluded. Thus, possible lassial instabilities, if any, are not as dramati as it is
for systems whih may ip from hyperboli type to ellipti type in the ourse of the
dynamial evolution. If one inludes the perturbations of the metri, the problem
beomes even more involved and the further analysis is needed.
Finally, one may also worry about quantum instability due to the one graviton
exhange between the ghost degree of freedom and the Standard Model partiles. While
during ination the argument from [16℄ is not appliable, after the exit the residual
ghost may pose suh problem. There is no doubt, that weakly oupled ghost degree of
freedom leads to the vauum instability. However, if the ghost ouples strongly to a
regular salar eld in a partiular way, whih is the ase in our model, the argument
based on the evaluation of the reation rate of Standard Model partiles out of vauum
is not reliable anymore. This issue ertainly deserves further investigation.
3. Exit Mehanism
Every realisti inationary senario needs to have a natural exit mehanism. In this
part we will modify our model in order to have an exit from the inationary regime. Let
us return to the ation (3) and add a rstorder derivative term. It an be, for example,
the rst term from the Lagrangian (1). Thus we shall onsider the following ation for
the salar eld:
S =
∫
d4x
√−g
[
K
(
φ
MP l
)
(∇µφ)2
2
+M2M2P lQ
(
φ
M2MP l
)]
. (26)
This hoie has been widely disussed as an eetive approah in string theory [17℄ and
its simpliity failitates further analysis. In a osmologial ontext suh a term was
onsidered in [7, 8℄.
To simplify the analysis of the system we again use the dimensionless variables
dened aording to (5). The overall fator (MP l/M)
2
is irrelevant for the lassial
analysis and we an use the following ation instead:
S =
∫
d4x
√−g [K(φ)X +Q(φ)] , (27)
where X depends on the dimensionless quantities xµ and φ as usual X = 1
2
(∇µφ)2.
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The implementation of the exit from the inationary regime is based on the
following idea. We assume that there are two regions of φ: one is a Q-dominated region,
where |K(φ)| ≪ 1, so that the rst term in (27) does not inuene the dynamis; and
another is the region where the term K(φ)X inuenes the dynamis signiantly in
suh a way that the system exits from the inationary regime. We will all this region
the K+Q-region. Starting from Q-region, the system will enter the inationary regime
in a way very similar to that disussed in the previous setion. Then during ination
the value of φ is hanging as φ(t) = φ0+ φ˙∗t (where |φ˙∗| 6= 0 aording to Eq. (17)), and
the system may ome eventually to the K + Q-region. For example, if K(φ) → 0 for
φ→ −∞ andK(φ)→∞ for φ→ +∞, then starting from ination in the region of large
negative φ with φ˙∗ > 0, our system will eventually ome to the K +Q-region, where we
expet the system to exit from the ination. During the evolution, the ontribution to
the ation whih omes from the K-term grows during the inationary regime whereas
the ontribution from the Q-term remains almost the same. Therefore we an roughly
estimate the time when ination ends: φ˙2
∗
|K(φe)| ≃ Q(B∗) where φe = φ0 + φ˙∗te. The
number of e-foldings during the inationary regime is given by
N ≃ H∗ |φ0 − φe||φ˙∗|
. (28)
Below we will nd the neessary onditions on the funtion K(φ) in order to have an
exit from the inationary regime, and will show that a large lass of funtions K(φ) has
the desired properties.
The energy density and the pressure oming from the additional term in the ation
K(φ)X give the following ontribution to the energy density and the pressure of Q-part
of Lagrangian (Eq. (15)):
ε1 = p1 = K(φ)X, (29)
where subsript
′′1′′ reets the fat that the term under onsideration ontains no higher
order derivatives. The equations of motion (10) beome
B = − [lnQ′′(B)]′ (∇µB)2 + (Q′′(B))−1
[
K(φ)B +
1
2
K ′(φ) (∇µφ)2
]
,
φ = B. (30)
For simpliity we assume Q(B) = B2/2 in the further analysis, sine there is no
qualitative dierene between this hoie and other onvex funtions Q(B). The
equation of motion (30) simplies to
B = K(φ)B +
1
2
K ′(φ) (∇µφ)2 ,
φ = B. (31)
These equations of motion have the struture similar to the usual Klein-Gordon
equation. In partiular the rst term on the right hand side plays the role of a mass
term for the eld B. Using this analogy we ome to the onlusion that in order to avoid
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a tahyoni instability we have to assume that K(φ) < 0. For the Friedmann universe
the system of equations (31) takes the following form
B¨ + 3HB˙ = −m2(φ)B −m(φ)m′(φ)φ˙2, (32)
φ¨+ 3Hφ˙ = B, (33)
where we have introdued the eetive mass m2(φ) ≡ −K(φ). When the r.h.s. of
Eq. (32) beomes large enough then ination ends. The value of φ where the evolution
hanges signiantly an be estimated by a omparison of the frition term in (32) and
the mass term, m2(φ)B. When
H ∼ m(φ) (34)
the eld B beomes massive and starts to osillate and, thus, ination ends. This is in
fat quite similar to the exit from ination in standard potential indued senarios.
While the behavior of the system in the transition regime between the box-
dominating phase and the osillating phase is diult to study analytially, it is possible
to desribe the system in the asymptoti osillating regime. Our further analysis is based
on the book [18℄ hapter 4. Introduing the resaled elds u ≡ aB, v = aφ and the
onformal time η =
∫
dt/a, we an rewrite the system (32),(33) in the following form:
u′′ +
(
m2a2 − a
′′
a
)
u = − v
2
a
m
dm
dφ
,
v′′ − a
′′
a
v = u, (35)
where the prime denotes the derivative with respet to η. The term on the right hand
side in the rst of these equations rapidly deays in the expanding Friedmann universe.
Following the book [18℄ we nd that if |a′′/a3| ∼ H2 ≫ m2 the rst term in the brakets
an be negleted as well and the approximate solution orresponds to the frozen eld
B = B∗. This is exatly the inationary solution obtained in the previous setion. In
our problem the eetive mass m(φ) is growing with time, whereas the Hubble onstant
hanges only slightly. As the mass beomes larger than the Hubble parameter H ∼ H∗
we an neglet the seond term inside the brakets in Eq. (35). The WKB solution of
the simplied equation written in terms of B is then
B ∝ a−3/2 1√
m(φ)
sin
[∫
m(φ)dt
]
. (36)
This solution is valid in the ase of a slowly varying mass m(φ(t)), i.e. if
(ma)′η
m2a2
≪ 1. (37)
Going bak from the onformal time units to a osmi time the above inequality beomes
m˙
m2
+
H
m
≪ 1. (38)
Sine H ≪ m already, the rst term in (38) is also muh less then one. From the
equation (32) it follows that
φ˙ =
1
a3
∫
dtBa3 ∝ −a−3/2m−3/2(φ) cos
[∫
m(φ)dt
]
. (39)
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Estimating the energy density we obtain
ε ∝ B
2
2
− B˙φ˙− m
2φ˙2
2
∝ 1
a3
. (40)
The negleted next-to-leading terms we have negleted are of the order of H(t)a−3(t)
and are osillating. Sine H(t) is a dereasing funtion of time and we average over fast
osillations these terms, indeed, quikly beome subdominant. One an also estimate
that the pressure behaves as
p ∝ −a−3 cos
[
2
∫
m(φ)dt
]
. (41)
After averaging over fast osillations one obtains that 〈p〉 = 0. Thus our system has a
dust-like behavior after the ination is over.
Now we are ready to formulate the onditions for K(φ) in order to obtain the exit
from ination using the ation (27):i) K(φ) < 0; ii) there should exist the region of φ
where |K(φ)| ≪ 1; iii) Eq. (34) must have a solution at some φe, where the value of H
is taken as it were in the inationary regime. The last ondition means, in partiular,
that for a funtion K(φ) bounded below, the presene of the exit in the model depends
on the value of B (and onsequently on the value of Hinf) during the ination. Below
we study numerially two examples of the funtion K(φ) to illustrate some generalities
of the proposed exit mehanism ♯.
The exit from the ination whih we have onstruted still has to be omplemented
by a reheating mehanism, whih would produe radiation after the end of ination.
Sine the residue omponent has a dust-like behavior after ination ends, the mehanism
whih onverts its energy into radiation is the same as in the standard inationary
senarios: we need to ouple the osillating eld (in our ase it an be B instead of the
inaton eld) to some salar elds χ through, for instane, an interation term Bχ2/Λ
where B and χ have dimension three and one respetively, and Λ an be a Plank or a
somewhat lower sale. Suh an interating term would lead to an energy density transfer
from the massive eld B to the radiation-like partiles via, for example, the narrow
(or broad) parametri resonane. We will disuss the details in the forthoming paper
[12℄.
3.1. Numerial examples
First we onsider the ase
K(φ) = −eφ. (42)
We shall see below that the exit from the inationary regime in this ase is sharp
in omparison with the next example. This may be important for generation of the
urvature utuations. This will, however, be disussed in [12℄.
For the hoie (42) the inationary regime starts for large negative φ. There are
two possible sets of initial onditions: φ˙∗ < 0 and φ˙∗ > 0. If φ˙∗ > 0 then φ grows
♯ It is worthwhile noting that the disussed exit mehanism reveals some similarities with Ref. [19℄
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Figure 7. Dynamis for the system K(φ) = − expφ, Q = B2/2. Initial values were
φ = −20, φ˙ = φ˙∗ =
√
2/3, B = 10, B˙ = 0.
as φ = φ0 + φ˙∗t in the inationary regime and the term −X eφ beomes more and
more important and eventually drives the system into a state where the parameter w
osillates as shown in Figs. 7 and 8. The time average of these osillations is w ≃ 0, i.e.
the system after the exit has a dust-like equation of state. The behavior of the system
for t → ∞ an be desribed by Eqs. (32) and (33) with m ≃ eφe/2, where φe an be
roughly estimated using Eq. (34). The energy and pressure are given by Eqs. (40) and
(41). In the ase of φ˙∗ < 0 there is no exit from the inationary regime for the hosen
funtion K(φ).
As the seond example, we take
K(φ) = − 1
φ2 + α2
, (43)
where α is some onstant. There are several dierenes in the dynamis in omparison
with the previous example. First of all, for the hoie (43) the inationary regime is
reovered for φ → +∞ as well as for φ → −∞. Another dierene is that the exit
in this example does not neessarily happen, beause for suiently large B∗ the rst
term in (27) is not strong enough to drive the system out of ination. The maximum
value of B∗ that still allows an exit an be estimated using Eq. (34), B
max
∗
∼ α−1. The
evolution of a system for B∗ < B
max
∗
is shown in Figs. 9 and 10. In addition the exit
from inationary stage in this ase is milder than in the previous example. This is
beause the funtion (43) is more widely spread than the funtion (42). Asymptotially
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Figure 8. Energy density, pressure and equation of state for the system K(φ) =
− expφ, Q = B2/2. Initial values were φ = −20, φ˙ = φ˙∗ =
√
2/3, B = 10, B˙ = 0.
we have φe → 0 as t→∞, so the system arrives to the solution (36) with m ≃ 1/α.
4. Summary
In this work we have introdued a new inationary senario where ination is driven by
a salar eld without a potential. We have shown that a very simple Lagrangian, whih
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Figure 9. Dynamis of the system with K(φ) = −(φ2 + 0.5)−1, Q = B2/2. Initial
values are φ = −100, φ˙ = φ˙∗ =
√
2/3, B = 1, B˙ = 0
is a funtion of the seond derivatives only, naturally yields an inationary solution.
The initial onditions whih lead to ination are generi. The inationary solution is
manifestly stable with respet to the osmologial perturbations.
We have proposed a mehanism of the graeful exit from the inationary regime
into a dust-like state with w ≃ 0. In order to generate radiation, the usual mehanism
of reheating similar to that in the standard inationary models an be applied to our
model. The detailed analysis of reheating, osmologial perturbations and observational
onsequenes will be given elsewhere [12℄.
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